Optical potentials have been a versatile tool for the study of atomic motions and many-body interactions in cold atoms. Recently, optical subwavelength single barriers were proposed to enhance the atomic interaction energy scale, which is based on non-adiabatic corrections to Born-Oppenheimer potentials. Here we present a study for creating a new landscape of non-adiabatic potentials-multiple barriers with subwavelength spacing at tens of nanometers. To realize these potentials, spatially rapid-varying dark states of atomic Λ-configurations are formed by controlling the spatial intensities of the driving lasers. As an application, we show that bound states of two and three atoms via magnetic dipolar interactions with weak magnetic moments can be realized in our scheme. Imperfections and experimental realizations of the multiple barriers are also discussed.
I. Introduction
Optical potentials have been a very useful tool for manipulation of atomic motions, such as simulation of many-body physics [1, 2] . The typical potentials can be generated using a far-detuned light through optical dipole force due to a spatial varying AC-Stark shift [3] . The potential landscape is determined therefore by the spatial variation of the light intensity. Except operating near the surface [4] [5] [6] [7] [8] [9] or using special masks [10, 11] , the spatial intensity variation is often limited by the wavelength λ of the light. To realize subwavelength resolution in the far field, various approaches have been proposed , such as multi-tone dressing [18] [19] [20] , multi-photon process [21] [22] [23] [24] , and atomic dark states in Λ-configurations [25] [26] [27] [28] [29] [30] [31] [32] [33] .
Recently, a novel idea of subwavelength optical potentials was proposed by considering the non-adiabatic corrections [34] to the spatially varying dark states in the Λ configurations [35, 36] . A subwavelength potential barrier arises when the kinetic energy of an atom experiences a rapid change of its internal state in a subwavelength region. This new type of optical potentials is drastically different from the optical dipole potentials as the former is purely quantum mechanical since the potential energy is proportional to . The first experiment of these barriers has been demonstrated [37] . By using standing-waves, the potentials can form lattices with subwavelength barriers spaced by λ/2. With time-dependent engineering of the lattices, smaller spacings between narrow barriers are possible [38, 39] . However, heating can arise and the dark-state lifetime can be limited due to lattice modulation [39] .
In this paper, we present a method to create multi-barrier non-adiabatic potentials with subwavelength spacing, realizing a new type of optical potential landscape without timedependent modulations. Our idea is based on dark-state nonadiabatic potentials of three-level atoms in the Λ configurations ( Fig. 1 (a) ) by controlling the spatial intensity variations on the driving lasers. We employ the Born-Oppenheimer (BO) approximation [34] to study the internal eigenstates of the atoms and non-adiabatic corrections from the atomic motions, separately. Our results show that double barriers and triple barriers with subwavelength spacings can be realized. Moreover, the barrier heights, the spacings, and the number of barriers can be controlled by the amplitude and the phase of the lasers. Double barrier potentials have been widely studied in solidstate systems, such as semiconductor heterostructures [40] [41] [42] . They are important for understanding effects such as resonant tunneling [41] and quasi-bound states [43] . Our scheme offers a new platform to study double barriers for cold atoms in the subwavelength regime, where many-body atomic interactions can be strongly enhanced. As an example, we illustrate the formation of bound states of two and three atoms via magnetic dipolar interactions in these double barriers.
II. Dark-state trapping and non-adiabatic potentials
We consider three-level atoms with a Λ energy structure shown in Fig. 1 (a) . The two ground states |g 1 and |g 2 are long-lived, which can be hyperfine-split metastable states or Zeeman sublevels [44] , and an excited state |e has a spontaneous decay rate γ. The total Hamiltonian of the system includes the kinetic energy and the internal atomic interaction is given by [35] 
where Ω c (x) (Ω p (x)) is the spatial-dependent Rabi frequency of the off-resonant coupling (probe) field for the transition between |e and |g 1 (|g 2 ) with a detuning ∆. These fields form a resonant Raman transition between the ground states [45] .
To study the non-adiabatic corrections, we will employ a similar procedure to that in Ref. [36] . However, in contrast to the previous works [35] [36] [37] [38] [39] , we consider both the coupling and the probe fields to be position dependent, which will lead to a more general expression of the non-adiabatic corrections shown below. We are interested in the limit of slow atomic motions such that the energy of the external motion (the kinetic energy and the potential) is much smaller than the internal energy scale determined by H in . Within this limit, we can apply the BO approximation [34] to treat the internal Hamiltonian separately. The validity of this limit will be discussed later. We can diagonalize H in and obtain the eigenstates to be
where the corresponding eigenenergies are 0 and Ω ± /2, re-
Therefore, the atoms are trapped at the spatial varying dark state |D(x) and are decoupled from the laser fields [26] [27] [28] [29] .
Since the momentum p and the position x do not commute, additional contributions arise when we diagonalize the kinetic energy using the position-dependent eigenbasis, which are termed as non-adiabatic corrections or geometric potentials [35, 36] . To see this, we consider the unitary operator [36] 
where |D 0 and |B ±0 are the eigenstates located at a fixed position x 0 . By applying the transformation, we obtain
where the effective vector potential is given by
. Therefore, we arrive at
where the non-adiabatic potential for the dark state is [35] 
It is the nonzero derivative of α(x) that gives rise to potential barriers (positive potential) for the dark state |D(x) . Thus the ratio of the two driving lasers, defined as
, plays an important role in engineering interesting spatial structures of subwavelength barriers. The non-adiabatic potentials for the bright states are
where
The off-diagonal contribution that couples between the eigenstates is given by
To ensure the validity of BO approximation, therefore we require
In particular, as shown numerically in Fig. 2 (b), U 1 (x) U 0 (x) around the double barriers. For |∆| |Ω(x)|, we can reduce the above requirement to U 0 (x) |Ω(x)|. Under this condition, the off-diagonal coupling V is far-detuned from the energy spacing between the eigenstates, therefore it can be treated as a perturbation, which we discuss in the Sec. V A.
In summary, we have derived a general set of expressions of non-adiabatic corrections for an arbitrary spatial function f (x) = Ω c (x)/Ω p (x). Below we show a few concrete examples of f (x) in generating non-adiabatic potentials of multiple barriers with subwavelength spacings.
III. Subwavelength optical potentials
The non-adiabatic potential arises due to the rapidly spatial change of the internal dark state. Previous studies [35] [36] [37] [38] [39] 46] have focused on the situation when the ratio of the coupling laser to the driving laser to be an approximated linear function near certain values, which lead to a single potential barrier. Here we consider a more general situation of laser intensities as
which can be formed by a combination of standing waves and propagating waves. Here a, b, c, d, are the amplitude coefficients to be determined and φ is the additional phase control.
A. Single Barrier
Before presenting our results on realizing subwavelength multiple barriers, we briefly review the main result obtained using f (x) ≈ kx/ for |kx| [35] [36] [37] . So the non-adiabatic potential for the dark state is given by [36] 
which shows a potential barrier located at x = 0 with U 0 (0) = 2 k 2 2m 2 and a width ∆x ∼ /k. In general, f (x) can be made periodic, e.g. f (x) = sin(kx)/ [35, 37] , so the separation between two barriers is λ/2. Recent studies show that the separation can be reduced further via Floquet engineering [38, 39] .
B. Double Barrier with subwavelength spacing
Next we study spatial engineering of the Rabi frequencies to realize non-adiabatic multiple barriers with subwavelength spacing. The basic idea is to design a spatial function f (x) such that its derivative is zero at x = x min , but it quickly reaches its maximum in a subwavelength region away from x min .
First, we consider the situation for generating double barriers. Specifically, the ratio of the Rabi frequencies is chosen to be
where d < 1. Here we take Ω c (x) = Ω 0 [1 + cos(kx)] and
. We find that the potential features are prominent at kx ∼ π and we arrive at
where δx = x − π/k. The spatial function of the non-adiabatic potential U 0 (x) can be obtained from Eq. (7) by substituting the above relation of α (x), from which we obtain three important features of the potential:
(1) U 0 (x min ) = 0 with x min = π/k; (2) two barrier peaks located around (3) based on the first two, we get a non-adiabatic potential well with a subwavelength width at half maximum to be ∆x ≈ 0.2 √ (1 − d)λ. Furthermore, we study spatial variation on the population of one of the ground states, e.g. P g 1 (x) = 1 1+ f 2 (x) (see Fig. 2 (a) ). The non-adiabatic potential U 0 (x) ∝ (∂P g 1 (x)/∂x) 2 , meaning that it is due to the rapid change of the population as a function of position such that the atoms can not adjust its internal state adiabatically. In particular, ∂P g 1 (x)/∂x ∝ f (x) = 0 at x = k/π, which corresponds to the dip in the non-adiabatic potential.
The double-barrier potential U 0 (x) for different values of d is plotted in Fig. 2 (b) using the full expression derived from Eq. (13). The aforementioned features agree well with the numerical results. In particular, we find that the peak value U 0 (x max ) ∝ 1/ ( (1 − d) ) and the subwavelength size ∆x ∝ √ (1 − d), which are less sharply dependent on than those in the single potential barriers, where U 0 (x max ) ∝ 1/ 2 and ∆x ∝ [35, 36] . However, we have an additional factor 1 − d, which can be controlled to make the potentials more prominent.
In addition, we note that for any function f (x) ≈ (x − x min ) n / for n > 1 (intergers), the corresponding geometric potential can be a double barrier centered at x = x min since f (x min ) = 0. Therefore, we provide a simple realization of non-adiabatic potential double barriers, making them drastically different from those in the case of f (x) ≈ x/ [35- 37, 46] . Moreover, our method does not require lattice modulation [38, 39] or atomic levels with multi-Λ configurations [29, 35] .
C. Multiple Barrier with subwavelength spacing
As another example, we would like to show that by tuning the spatial function of f (x), we can also realize a threepeak non-adiabatic potential, which forms a double well with a large barrier in the middle. To see this, we consider the spatial function
and Ω p (x) = Ω 0 1 + cos(kx + φ) . Here the only control parameter is the phase φ. We derive
By examining the properties of α (x), we find the spatial features of U 0 (x) as follows: (1) We plot both the ground-state population P g 1 and the geometric potential U 0 (x) as a function of x for different values of φ in Fig. 3 . Two flat regions in the population correspond to the dips in U 0 (x) and the large slope corresponds to the central peak in U 0 (x).
We note that the double-well potential looks similar to the plot in the right-upper panel in Fig. 3 (b) in Ref. [37] , but they are of different natures. Here the potential is a characteristic of the spatial varying Rabi frequencies and the state is complete dark, while the one in Ref. [37] is due to the off-resonant Raman lasers so that the resulting potential is not complete dark.
D. Additional Tunability
In addition to tuning the separation of non-adiabatic barriers to form potential wells, we can also tune the heights of those barriers simultaneously. For example, by considering
We can change the symmetric double barriers into asymmetric (see Fig. 4 ). The non-adiabatic multiple barriers are important in two ways. First, they provide a new subwavelength potential landscape. Quasi-bound states and resonant tunnelings of multibarrier potentials can be studied using Wentzel-KramersBrillouin (WKB) approximation [47, 48] . The potentials can also form multi-barrier lattices since f (x) has a period of λ, thus they are useful for the study of band structures, and even trapping atoms through the quasi-bound states. Second, the subwavelength features of the multiple barriers may permit the study of enhanced dipole-dipole interactions between atoms.
IV. Application: bound states
We now discuss a study of many-body physics permitted by the non-adiabatic potential barriers. The spatial-varying dark state may allow the atoms to have spatially dependent magnetic moments [2] . The subwavelength feature allows us to study strong magnetic dipole-dipole interactions between atoms in the potential. For concreteness, we assume the magnetic moments are aligned perpendicular to x−axis that the atoms are located at. The strength of the magnetic moment of an atom is taken to be µ(x) = m 2P g 1 (x) − 1 , which depends on the state (spin) of the atom, i.e., P g 1 (x). For the situation of two atoms, the total Hamiltonian is given by [35] 
where µ 0 is the vacuum permeability, and x i and p i are the position and the momentum of the ith atom. In the case of the double barriers, the atoms repel each other through the magnetic dipolar interaction if they both stay in the well. Thus a bound state can not be formed. Instead, a bound state can be formed if only one atom sits inside the well. The condition for the bound state is E min + µ 0 µ(x 1 )µ(x 2 ) 4π|x 1 −x 2 | 3 < 0, where E min is the minimum energy of the atom inside the potential well and the energy (kinetic and geometric potential) of the other atom outside the well is neglected. By considering the size of the potential well and using the uncertainty principle, we estimate
Then we estimate the minimum magnetic moment in order to form a bound state. Since the magnetic dipole moments are close to ±µ inside and outside the well, the required dipolar length a dd ≡ µ 0 µ 2 m/ 12π 2 [49] is on the order of the typical subwavelength spacing, i.e., a dd 0.2
This is useful for the study of magnetic dipole-dipole interactions, where the magnetic moment is usually very weak [49] . The analytical result is further confirmed with the numerical results using the total potential V(|x 1 − x 2 |) = U 0 (x 1 )+U 0 (x 2 )+ µ 0 µ(x 1 )µ(x 2 ) 4π|x 1 −x 2 | 3 by assuming x 1 = x min plotted in Fig. 5 . Moreover, the doublebarrier potential can lead to bound states of three atoms known as trimers. Our trimer has one atom inside the well and two outside on each side of the barrier. Due to the trimer configuration ( Fig. 1 (c) ), its binding energy is stronger than that of the dimer by comparing the solid and the dot-dashed curves in Fig. 5 . In the above analysis, the contact interaction due to s-wave scattering [49] is neglected.
Similarly, bound states can be formed in the case of the triple potential barriers. The atoms attract each other if they are separated by the center barrier such that the dipoles are opposite and the magnitude is about µ (Fig. 3) . The attractive dipolar force will balance with the large potential barrier between the wells to form a dimer. With periodic potentials, our multiple barriers can be interesting for the study of manybody physics in band structures, which is out of the scope of this work.
V. Practical Considerations

A. Imperfections
The dark states is uncoupled from the driver lasers, thus it is less prone to spontaneous emission. The main imperfection come from the off-resonant non-adiabatic coupling to the open channels given by V in Eq. (9) . The off-resonant nonadiabatic coupling leads to population in the open channels given by P B and scattering of the atom through the spontaneous emission of the excited state [36] with a rate γ d .
For U 0 (x) |Ω(x)|, the excitation to the open channels can be estimated perturbatively [45] as
The effective scattering rate of the dark state is given by
2 Ω 2 (x) for bound states. A more rigorous result of the dark-state decay rate is calculated from the corrections to the dispersion of atoms in the Bloch bands [35] , which shows a similar relation to our perturbative result.
B. Experimental Implementations
The non-adiabatic potential multiple barriers require the Λ atomic configuration and spatial control on the Rabi frequencies. The Λ atomic configurations have been frequently used in electromagnetic-induced transparency [44] and coherent population transfer [50] . The first experiment on nonadiabatic potentials has been performed using an ultracold 171 Yb gas [37] with hyperfine-split ground states.
The spatial dependence of the Rabi frequencies Ω c (x) and Ω p (x) is of the form a + b cos(kx), which can be realized by superposing a standing-wave and a propagating wave derived from the same laser. Thus, the spatial function f (x) is insensitive to the laser intensity fluctuation. As the perfect spatial function may be challenge in experiment, a double barrier can be more easily demonstrated with an approximated function f (x) = (x − x min ) 2 / by shaping the coupling and the probe lasers.
We can determine the minimum barrier spacing from U 0 (x) |Ω(x)|. The minimum value of the Rabi frequency
is Ω(x) = Ω 2 c (x) + Ω 2 p x ≈ Ω 0 (1 − d) for the double-barrier potentials, and Ω(x) ≈ Ω 0 1 − cos 2 (φ) ≈ Ω 0 φ 2 /2 for the triple-barrier potentials. Considering Ω 0 = 2π × 100 MHz, λ = 532 nm, and U 0 (x) ≤ |Ω(x)|/5 for 171 Yb atoms, we obtain the minimum barrier spacing to be 13 nm and 24 nm for the double-barrier potentials and the triple-barrier potentials, respectively. The corresponding minimum energy inside the double barriers is E min / ≈ 2π × 280 kHz. We estimate the maximum excitation probability is P B ≈ 4%. Taking γ = 2π × 182 kHz [37] , we find the scattering rate on the dark states through the open channel is about 2π × 7 kHz. In the above analysis, we assumed |∆| |Ω(x)|, however, for larger single-photon detunings, the laser intensities need to be stronger in order to get the same subwavelength feature without breaking the BO approximations.
VI. Conclusion
In this work, we presented a method of creating nonadiabatic potentials of multiple barriers separated at tens of nanometers via spatial engineering of the laser intensities. General formulae of non-adiabatic corrections were derived and the validity of the Born-Oppenheimer approximation was discussed. We studied several concrete examples on realizing subwavelength multiple barriers and their application for bound states.
The multi-barrier potentials can be a new platform for the study of many-body interactions in cold atoms enhanced by the subwavelength features. This scheme may also allow further studies on trapping atoms without the conventional optical dipole potentials and super-resolution quantum microscopy [51, 52] .
